Abstract. Let R be an arbitrary commutative ring and R X = R X 1 , ..., X n the free algebra of n generators over R. Note that Bergman's diamond lemma characterizes the resolvability of ambiguities of monic relations of the form W σ − f σ with f σ a linear combination of monomials ≺ W σ , where ≺ is a semigroup partial ordering on X ; and that in the algorithmic language of Gröbner basis theory over a ground field K, the diamond lemma had been translated into the implementable termination theorem. Here we bring the termination theorem over R into play so that monic Gröbner Bases in R X may be verified in an effective way, though it does not necessarily yield a noncommutative analogue of Buchberger Algorithm in such a setting. This enables us to recognize that many important algebras over rings may have Gröbner defining relations, and thereby enables us to study such algebras via their N-leading homogeneous algebra and B R -leading homogeneous algebra.
Introduction
It is well-known that Bergman's diamond lemma [Ber1] characterizes the resolvability of ambiguities (or overlaps) of monic relations of the form W σ − f σ from a free associative algebra R X = R X 1 , ..., X n over a commutative ring R, where, with respect to a semigroup partial ordering ≺ on X , each f σ is a linear combination of monomials ≺ W σ . It is equally well-known that in the algorithmic language of Gröbner basis theory over a ground field K, the diamond lemma had been translated into the implementable termination theorem (e.g. see [Mor] , [Gr] ). * Project supported by the National Natural Science Foundation of China (10571038). e-mail: huishipp@yahoo.com More precisely, let K X = K X 1 , ..., X n be the free associative K-algebra of n generators over a field K, and let B be the standard K-basis of K X consisting of monomials (words in alphabet X = {X 1 , ..., X n }, including empty word). Given a monomial ordering ≺ on B (note that a monomial ordering is a well-ordering), and f, g ∈ K X − {0}, if there are monomials u, v ∈ B such that (1) LM(f )u = vLM(g), and (2) LM(f ) | v and LM(g) | u, then the element o(f, u; v, g) = 1
is referred to as an overlap element of f and g, where, with respect to ≺, LM( ) denotes the function taking the leading monomial and LC( ) denotes the function taking the leading coefficient on elements of K X respectively. The termination theorem then states that
• if G is an LM-reduced subset of K X (i.e., LM(g i ) | LM(g j ) for g i , g j ∈ G with i = j), then G is a Gröbner basis for the ideal I = G if and only if for each pair g i , g j ∈ G, including g i = g j , every overlap element o(g i , u; v, g j ) of g i and g j has the property o(g i , u; v, g j )
that is, by division by G, every o(g i , u; v, g j ) has the zero remainder;
and it follows that there is a noncommutative analogue of Buchberger Algorithm for constructing a (possibly infinite) Gröbner basis starting with a given finite subset in K X . Note that the algorithmic feasibility of the above criterion lies in the fact that (a) for each pair (g i , g j ) there are only finitely many associated overlap elements, and (b) there is no trouble with taking the inverse of a nonzero coefficient when the division algorithm is performed, for, K is a field. But if the field K is replaced by a commutative ring R (or even if R is an arithmetic ring as considered by [Gol] ), and if G ⊂ R X = R X 1 , ..., X n is taken such that LC(g) is not invertible for some g's, then a pair (g i , g j ) of elements in G may have infinitely many overlap elements, and thereby there seems no "effective" termination theorem (as we mentioned above) for G . Nevertheless, we notice that in the case where R is a subring of the field K with the same identity element, the usual division by monic elements (i.e. elements with leading coefficient 1) can be implemented in R X exactly as in K X , and this fact implies immediately that if a subset G ⊂ R X consisting of monic elements forms a Gröbner basis in K X with respect to some monomial ordering ≺ on B, then, with respect to the same type of monomial ordering ≺ on the standard R-basis B R of R X , G is a Gröbner basis in R X , that is, if G is the ideal generated by G in R X and f ∈ G , then there is some g ∈ G such that LM(g)|LM(f ).
Furthermore, recall from the literature that in representation theory and (noncommutative) algebraic geometry, numerous popularly studied algebras over a ground field K are defined by "monic Gröbner bases". So, if we are concerned about the algebras defined by the relations of the same type over a commutative ring R (e.g., see [Ber] , [CE] ), actually the original version of Bergman's diamond lemma over a ground ring R and the above observation motivate the consideration of the existence of " monic Gröbner bases" in the free algebra R X = R X 1 , ..., X n , or more essentially, the existence of an "effective" termination theorem for verifying such bases. In this paper, after introducing and characterizing a monic Gröbner basis in R X (Section 1), we examine that a version of the termination theorem in the sense of ( [Mor] , [Gr] ) effectively holds true for LM-reduced monic Gröbner bases in R X (Section 2); and by mimicking [Li3] , we show (in Section 3 and Section 4) how PBW R-bases and monic Gröbner bases of certain type recognize each other, and how to recognize some global structural properties of R-algebras defined by monic Gröbner bases via their N-leading homogeneous algebras and B R -leading homogeneous algebras.
Unless otherwise stated, rings considered in this paper are associative rings with multiplicative identity 1, ideals are meant two-sided ideals, and modules are unitary left modules. For a subset U in a ring S, we write U (or U S if necessary) for the ideal generated by U . Moreover, we use N, respectively Z, to denote the set of nonnegative integers, respectively the set of integers.
Monic Gröbner Bases over Rings
Let R be an arbitrary commutative ring, R X = R X 1 , ..., X n the free R-algebra of n generators, and B R the standard R-basis of R X consisting of monomials (words in alphabet X = {X 1 , ..., X n }, including empty word). In this section we introduce the notion of a monic Gröbner basis in R X , and we characterize such a basis as in the classical case.
First note that all monomial orderings used for free algebras over a field can be well-defined on the standard R-basis B R of R X . If ≺ is a monomial ordering on B R and f ∈ R X , then the leading monomial LM(f ) and the leading coefficient LC(f ) of f are defined. For a subset H ⊂ R X , we write LM(H) = {LM(f ) | f ∈ H} for the set of leading monomials of S. We say that a subset G ⊂ R X is monic if LC(g) = 1 for all g ∈ G. Moreover, for u, v ∈ B R , as usual we say that v divides u, denoted v|u, if u = wvs for some w, s ∈ B R .
With notation and all definitions as above, it is easy to see that a division algorithm by a monic subset G is valid in R X with respect to any fixed monomial ordering ≺ on B R . More precisely, let f ∈ R X . Noticing
Next, consider the divisibility of LM(f 1 ) by LM(g) with g ∈ G, and so forth. Since ≺ is a well-ordering, after a finite number of successive division by elements in G in this way, we see that f can be written as
If, in the presentation of f above, r f = 0, then we say that f is reduced to 0 by division by G, and we write f G = 0 for this property.
The validity of such a division algorithm by G leads to the following definition.
1.1. Definition Let ≺ be a fixed monomial ordering on B R , and I an ideal of R X . A monic Gröbner basis of I is a subset G ⊂ I satisfying:
(1) G is monic; and (2) f ∈ I and f = 0 implies LM(g)|LM(f ) for some g ∈ G.
By the division algorithm demonstrated above, it is clear that a monic Gröbner basis of I is first of all an ideal generating set of I, and moreover, a monic Gröbner basis of I can be characterized as follows.
Proposition
Let ≺ be a fixed monomial ordering on B R , and I an ideal of R X . For a monic subset G ⊂ I, the following statements are equivalent: (i) G is a monic Gröbner basis of I; (ii) Each nonzero f ∈ I has a Gröbner presentation:
Let ≺ be a monomial ordering on the standard R-basis B R of R X , and let G be a monic subset of R X . We call an element f ∈ R X a normal element (mod G) if f = j µ j v j with µ j ∈ R, v j ∈ B R , and f has the property that LM(g) | v j for every g ∈ G and all µ j = 0. The set of normal monomials in B R (mod G) is denoted by N (G), i.e.,
Thus, an element f ∈ R X is normal (mod G) if and only if f ∈ u∈N (G) Ru.
1.3. Proposition Let G be a monic Gröbner basis in R X with respect to some monomial ordering ≺ on B R , and let I = G . Then each nonzero f ∈ R has a finite presentation
where LM(s ij g i w ij ) LM(f ) whenever λ ij = 0, and either r f = 0 or r f is a unique normal element (mod G). Hence, f ∈ I if and only if r f = 0, solving the "membership problem" for I.
Proof By the division algorithm by G, f can be written as f = i,j λ ij s ij g i w ij + r f where either r f = 0 or r f is normal. Suppose after division by G we also have f = t,j λ tj s tj g t w tj +r, where r is normal (mod G). Then r − r f ∈ I and hence there is some g ∈ G such that LM(g)|LM(r − r f ). But by the definition of a normal element this is possible only if r = r f .
The foregoing discussion enables us to obtain further characterization of a monic Gröbner basis G, which, in turn, gives rise to the fundamental decomposition theorem of R X (viewed as an R-module) by G , and gives rise to a free R-basis for the R-algebra R X / G .
Theorem
Let I = G be an ideal of R X generated by a monic subset G. With notation as above, the following statements are equivalent. (i) G is a monic Gröbner basis of I.
(ii) The R-submodule u∈N (G) Ru of R X is a free R-module with R-basis N (G), and the R-module R X has the decomposition
Ru.
(iii) The canonical image N (G) of N (G) in R X / LM(I) and R X /I forms a free R-basis for R X / LM(I) and R X /I respectively.
Termination Theorem for LM-reduced Monic Gröbner Bases
Let R be an arbitrary commutative ring, R X = R X 1 , ..., X n the free R-algebra of n generators, and B R the standard R-basis of R X . With notation and every definition introduced in the last section, in this section we show that a version of the termination theorem in the sense of ( [Mor] , [Gr] ) effectively holds true for verifying an LM-reduced monic Gröbner basis in R X (see the definition below). Several illustrative examples are given.
Given a monomial ordering ≺ on B R , we say that a subset G ⊂ R X is LM-reduced if
If a subset G ⊂ R X is both LM-reduced and monic, then we call G an LM-reduced monic subset. Thus we have the notion of an LM-reduced monic Gröbner basis.
Let I be an ideal of R X . If G is a monic Gröbner basis of I and g 1 , g 2 ∈ G such that g 1 = g 2 but LM(g 1 )|LM(g 2 ), then clearly g 2 can be removed from G and the remained subset G − {g 2 } is again a monic Gröbner basis for I. Hence, in order to have a better criterion for monic Gröbner basis we need only to consider the subset which is both LM-reduced and monic.
Let ≺ be a monomial ordering on B R . For two monic elements f, g ∈ R X − {0}, including f = g, if there are monomials u, v ∈ B R such that
is called an overlap element of f and g. From the definition we are clear about the fact that
and moreover, there are only finitely many overlap elements for each pair f , g. With the preparation made above, we now mention a termination theorem for checking LMreduced monic Gröbner bases in R X , and we also present a careful step-by-step verification of its correctness here for the reason that we are working on an arbitrary ring instead of a field, though the process is only a light modification of the argument given in [Gr] .
2.1. Theorem (Termination theorem) Let ≺ be a fixed monomial ordering on B R . If G is an LM-reduced monic subset of R X , then G is an LM-reduced monic Gröbner basis for the ideal I = G if and only if for each pair
o(g i , u; v, g j ) has the zero remainder.
Proof Since o(g i , u; v, g j ) ∈ I, the necessity follows from Proposition 1.2. Under the assumption on overlap elements we prove the sufficiency by showing that if f ∈ I then LM(g)|LM(f ) for some g ∈ G. Suppose the contrary that LM(g) | LM(f ) for any g ∈ G.
Then we proceed to derive a contradiction.
Since I = G , f may be presented as a finite sum
, where λ ij ∈ R, v ij , w ij ∈ B R , and g i ∈ G.
Let u be the largest monomial occurring on the right hand side of (1). Then noticing that each g i is monic, u occurs as some
it follows that LM(f ) ≺ u and u must occur at least twice on the right hand side of (1) for a cancelation, that is, we may have
Among all such presentations of f we can choose one such that (3) u has the fewest occurrences on the right hand side of (1) and u is as small as possible.
To go further, let us simplify notation by writing
w ′ = w kℓ . Thus, the above (2) is turned into the form
Moreover, as usual we use l(s) to denote the length of a monomial s ∈ B R . Below we show, through a case by case study of the above (4), that the choice of f satisfying the above (3) is impossible.
This implies that LM(g) contains LM(g ′ ) as a subword, and hence, LM(g ′ )|LM(g), contradicting the hypothesis on G.
Then we have to deal with two possibilities.
This implies that there is no overlap element of LM(g) and LM(g ′ ) in u. By the assumption on lengths, it follows that there is a segment
Rewriting
Thus, in writing vgw this way, the number of occurrences of u in the chosen presentation of f satisfying the above (3) can be reduced, a contradiction.
This implies that there is an overlap element of LM(g) and LM(g ′ ) in u, that is, there is a segment r of w and a segment s of v ′ such that vs = v ′ , rw ′ = w and LM(g)r = sLM(g ′ ).
Hence,
By the assumption, o(g, r; s, g ′ ) is reduced to 0 under the division by G, namely,
Combining the above (5) - (8), once again we see that the number of occurrences of u in the chosen presentation of f satisfying the foregoing (3) can be reduced, a contradiction.
, which contradicts the assumption that G is LM-reduced.
This is similar to Case 1.
Corollary
Let R be a commutative ring and R ′ a subring of R with the same identity element 1. If we consider the free R-algebra R X = R X 1 , ..., X n and the free R ′ -algebra
.., X n , then the following two statements are equivalent for a subset G ⊂ R ′ X :
(i) G is an LM-reduced monic Gröbner basis in R ′ X with respect to some monomial ordering
(ii) G is an LM-reduced monic Gröbner basis in R X with respect to the monomial ordering ≺ on the standard R-nbasis B R of R X , where ≺ is the same monomial ordering used in (i).
has the same set of overlap elements in both R ′ X and R X . Moreover, noticing that performing the division of an overlap element o(g i , u; v, g j ) by G in both R ′ X and R X uses only coefficients from
Hence the equivalence of (i) and (ii) is proved by the termination theorem for LM-reduced monic Gröbner bases in R ′ X and the termination theorem for LM-reduced monic Gröbner bases in R X , respectively.
Remark (i) Let G be an LM-reduced monic subset of R X . Since for each pair g i , g j ∈ G, including g i = g j , there are only finitely many associated overlap elements, by Theorem 2.1 we can check effectively whether G is a Gröbner basis or not, in particular when G is a finite subset (see examples below).
(ii) Obviously, if G ⊂ R X is an LM-reduced subset with the property that each g ∈ G has the leading coefficient LC(g) which is invertible in R, then Theorem 2.1 is also valid for G.
(iii) It is obvious as well that Theorem 2.1 does not necessarily induce an analogue of Buchberger Algorithm as in the classical case. However, it is easy to see that if an LM-reduced subset G ⊂ R X consists of elements with all coefficients equal to 1, then, with G as the initial input, a version of Buchberger Algorithm does produce a (finite or infinite) Gröbner basis with all coefficients equal to 1. In particular, this remark applies to a subset G ⊂ R X consisting of elements of the form w, u − v, where w, u, v ∈ B R . (iv) It is not difficult to see that all discussion we made so far is valid for getting monic Gröbner bases in a commutative polynomial ring R[x 1 , ..., x n ] over an arbitrary commutative ring R where overlap elements are replaced by S-polynomials.
Let R be a commutative ring. By an N-graded monomial ordering on the standard R-basis B R of the free R-algebra R X = R X 1 , ..., X n , denoted ≺ gr , we mean a monomial ordering on B R which is defined subject to a well-ordering ≺ on B R , that is, for u, v ∈ B R , u ≺ gr v if either degu < degv or degu = degv but u ≺ v, where deg( ) denotes the degree function on elements of R X with respect to a fixed weight N-gradation of R X (i.e. each X i is assigned to a positive degree n i , 1 ≤ i ≤ n). For instance, the usual N-graded lexicographic ordering is a popularly used N-graded monomial ordering.
The N-gradation of R X used in the examples given below is the natural N-gradation of R X , i.e., degX i = 1 for 1 ≤ i ≤ n. Example 1. This example provides a family of LM-reduced monic Gröbner bases over a commutative ring R, which defines R-algebras similar to the coordinate ring of a quantum affine n-space over a field K.
Consider in R X = R X 1 , ..., X n the subset
that is, λ ji may be 0.
If we use the N-graded lexicographic ordering ≺ gr such that
Thus G is both LM-reduced and monic. It is not difficult to verify that all nontrivial overlap elements of the pairs (f, g) ∈ G × G are
Note that the parameters λ ji are arbitrarily chosen. If λ ji = 0 and λ ik = 0, then the division by G shows that
i.e., S ji,ik G = 0. Similarly, if λ ik = 0 and λ ji = 0, then the division by G shows that
again showing S ji,ik G = 0. Therefore, it follows from Theorem 2.1 that G is an LM-reduced monic Gröbner basis for the ideal
By Theorem 1.4, both the algebras R X /I and R X / LM(I) have the free R-basis
where each X i is the canonical image of X i in R X /I and R X / LM(I) respectively.
Example 2. This example provides a family of LM-reduced monic Gröbner bases over a commutative ring R, which defines R-algebras similar to the quantum grassmannian (or quantum exterior) algebra over a field K (see [Man] ).
Consider in R X = R X 1 , ..., X n the subset G = Ω ∪ R consisting of
that is, λ ji may be zero.
Thus G is both LM-reduced and monic. It is not difficult to verify that all possible nontrivial overlap elements of pairs (f, g) ∈ G × G are
If λ iℓ = 0 and λ ji = 0, then the division of S i,iℓ , S ji,i by G yields the following results:
showing S i,iℓ G = 0 and S ji,i G = 0. Noticing that the parameters λ ji are arbitrarily chosen, actually as in the last example, the division of S jℓ,ℓt by G yields
showing S jℓ,ℓk G = 0. Hence, by Theorem 2.1, G is an LM-reduced monic Gröbner basis for the
Furthermore, the division by LM(G) yields
It follows from Theorem 1.4 that both the algebras R X /I and R X / LM(I) have the free R-basis
Example 3. In this example we verify that the defining relations of a Clifford algebra C (an exterior algebra E) defined over a commutative ring R form an LM-reduced monic Gröbner basis. Let X = {X i } i∈J and < a well-ordering on J. Consider the subset G of the free algebra R X consisting of
Thus G is both LM-reduced and monic. With a little patience, we may write all nonzero overlap elements as follows.
With a little more patience, performing the division by G turns out that
By Theorem 2.1, G is an LM-reduced monic Gröbner basis for the ideal I = G in R X .
Furthermore, an implementation of the division by LM(G) yields
where each X i j is the canonical image of X i j in the respective quotient algebra.
Example 4. This example provides a family of LM-reduced monic Gröbner bases over a commutative ring R, which defines R-algebras similar to the the down-up algebra introduced by Benkart in [Ben] . Consider in R X = R X 1 , X 2 the subset G = {g 1 , g 2 } with
where
If we use the N-graded lexicographic ordering ≺ gr such that X 2 ≺ gr X 1 , then LM(g 1 ) = X 2 1 X 2 , LM(g 2 ) = X 1 X 2 2 . Hence G is both LM-reduced and monic. It is easy to see that the only nonzero overlap element of g 1 and g 2 is
Starting the division by g 2 , g 1 successively, we obtain
Then for suitable choice of F 1 and F 2 such that G G = 0 (for instance, choosing α, β, γ ∈ R arbitrarily, and letting F 1 = γX 1 , F 2 = γX 2 ; or for β = 0 and arbitrarily chosen α, λ, γ ∈ R, letting F 1 = λX 2 1 − γX 1 and F 2 = λX 1 X 2 − γX 2 ), we have S 12 G = 0. Thus, by Theorem 2.1, G forms an LM-reduced monic Gröbner basis for the
Therefore, by Theorem 1.4, both the algebras R X /I and R X / LM(I) have the free Rbasis
where X i is the canonical image of X i in the respective algebra.
Note that for arbitrarily chosen α, β, γ ∈ R and F 1 = γX 1 , F 2 = γX 2 , the algebra A = R X 1 , X 2 / G is just a down-up algebra over R; while for α = 2, β = −1, and F 1 = F 2 = 0, G = {g 1 , g 2 } is nothing but the set of defining relations (Serre relations) of the universal enveloping algebra of the (−)-part (or (+)-part) of the Kac-Moody R-Lie algebra associated to the Cartan matrix 2 −1 −1 2 .
PBW R-bases vs Specific Monic Gröbner Bases
Let R be a commutative ring and A = R[a 1 , ..., a n ] a finitely generated R-algebra with generators a 1 , ..., a n . If the set B = {a
2 · · · a αn n | α j ∈ N} forms a free R-basis of A, that is, A is, as an R-module, free with the basis B, then, in honor of the classical PBW (Poincaré-Birkhoff-Witt) theorem for enveloping algebras of Lie algebras over a ground field K, the set B is usually referred to as a PBW R-basis of A. Presenting A as a quotient algebra of the free R-algebra R X = R X 1 , ..., X n , i.e., A = R X /I with I an ideal of R X , the aim of this section is to show, under a mild condition, that A has a PBW R-basis is equivalent to that I has a specific monic Gröbner basis. This result enables us to obtain PBW R-bases by means of monic Gröbner bases on one hand; and on the other hand, since it is well-known that in practice there are different ways to find a PBW basis for a given algebra (if it exists), this result also enables us to obtain monic Gröbner bases via given PBW R-bases.
Throughout this section, we let R be a commutative ring, R X = R X 1 , ..., X n the free R-algebra of n generators, and B R the standard R-basis of R X . All notations and notions concerning monic Gröbner bases in R X are maintained as before.
Let I be an ideal of R X such that the R-algebra A = R X /I has the PBW R-basis
where each X i is the canonical image of X i in A. Then I contains necessarily a subset G consisting of n(n−1) 2 elements of the form:
In light of Theorem 1.4, this observation inspires the following characterization of a PBW R-basis in terms of monic Gröbner basis of specific type.
3.1. Theorem Let I be an ideal of R X , A = R X /I. Suppose that I contains a monic subset of n(n−1) 2 elements G = {g ji | 1 ≤ i < j ≤ n} such that with respect to some monomial ordering ≺ on the standard R-basis B R of R X , LM(g ji ) = X j X i for all 1 ≤ i < j ≤ n. The following two statements are equivalent. (i) The R-algebra A has the PBW R-basis B = {X
(ii) Any monic subset G of I containing G is a monic Gröbner basis for I with respect to ≺.
Proof (i) ⇒ (ii) Let G be a monic subset of I containing G, and let
be the set of normal monomials in B R (mod G). If f ∈ I and f = 0, then, after implementing the division of f by G (with respect to the given monomial ordering ≺) we have
and r f = p λ p w p with λ p ∈ R and w p ∈ N (G).
Note that g ji ∈ G ⊆ G and LM(g ji ) = X j X i by the assumption. It follows that N (G) ⊆ {X
Thus, since B is a free R-basis of A, r f = p λ p w p = f − i,j u ij g i v ij ∈ I implies λ p = 0 for all p. Consequently r f = 0. This shows that every nonzero element of I has a Gröbner presentation by the elements of G. Hence G is a monic Gröbner basis for I by Proposition 1.2.
(ii) ⇒ (i) By (ii), the subset G itself is a monic Gröbner basis of I with respect to ≺. Let N (G) be the set of normal monomials in B R (mod G). Noticing that LM(g ji ) = X j X i for every g ji ∈ G, it follows that N (G) = {X
n | α j ∈ N}, and thereby the algebra A has the desired PBW R-basis B by Theorem 1.4.
We illustrate Theorem 3.1 by several examples. The first four examples given below serve to obtain monic Gröbner bases by means of known PBW R-bases which are obtained in the literature without using the theory of Gröbner basis. Example 1. Let g = R[V ] be the R-Lie algebra defined by the free R-module V = ⊕ n i=1 Rx i and the bracket product [x j , x i ] = n ℓ=1 λ ℓ ji x ℓ , 1 ≤ i < j ≤ n, λ ℓ ji ∈ R. By the classical PBW theorem, the universal enveloping algebra U (g) of g has the PBW R-basis B = {x
If we use the N-graded monomial ordering X 1 ≺ gr X 2 ≺ gr · · · ≺ gr X n on the standard R-basis B R of R X = R X 1 , ..., X n with respect to the natural N-gradation of R X (i.e., degX i = 1, 1 ≤ i ≤ n), then the set of defining relations
Hence, by Theorem 3.1, G is a monic Gröbner basis for the ideal I = G in R X .
Example 2. Let U + q (A N ) be the (+)-part of the Drinfeld-Jimbo quantum group of type A N over a field K. In [Ros] and [Yam] it was proved that U + q (A N ) has a PBW K-basis with respect to the defining relations (Jimbo relations) of U + q (A N ); later in [BM] such a PBW basis was recaptured by showing that the Jimbo relations form a Gröbner basis ([BM] Theorem 4.1), where the proof was sketched to check that all compositions (overlaps) of Jimbo relations reduce to zero on the base argument of [Yam] . Very recently, a detailed elementary verification of the fact that the Jimbo relations form a Gröbner basis (namely Theorem 4.1 of [BM] ) was carried out by [CSS] . In this example we use Theorem 3.1 to recognize immediately that the Jimbo relations form a Gröbner basis.
Recall that the Jimbo relations (as described in [Yam] ) are given by
where with
By [Yam] , for q 8 = 1, U + q (A N ) has the PBW basis consisting of elements
where (i ℓ , j ℓ ) ∈ Λ N and < is the lexicographic ordering on Λ N . If we use the N-graded monomial ordering ≺ gr (on the standard K-basis B of the corresponding free algebra) subject to
then it is clear that for each pair ((i, j), (m, n)) ∈ C i with (i, j) < (m, n), the leading monomial of the corresponding relation is of the form x mn x ij as desired by Theorem 3.1.
Example 3. With R X = R X 1 , ..., X n , recall from [Ber] that a q-algebra A = R X / G over R is defined by the set G of quadric relations
Define two R-submodules of the free R-module R X :
If, for all 1 ≤ i < j < k ≤ n, every Jacobi sum
is contained in E 1 + E 2 , then A is called a q-enveloping algebra. Clearly, enveloping algebras of R-Lie algebras are special q-enveloping algebras with q = 1. In [Ber] , a q-PBW theorem for q-enveloping algebras over a commutative ring was obtained along the line similar to the classical argument on enveloping algebras of Lie algebras as given in [Jac] , that is, if A is a q-enveloping R-algebra then A has the PBW R-basis B = {X
we use the N-graded monomial ordering X 1 ≺ gr X 2 ≺ gr · · · ≺ gr X n on B R with respect to the natural N-gradation of R X (i.e., degX i = 1, 1 ≤ i ≤ n), then G satisfies LM(g ji ) = X j X i for all 1 ≤ i < j ≤ n. Hence, by Theorem 3.1, the set G of the defining relations of a q-enveloping R-algebra is a monic Gröbner basis for the ideal I = G in R X . In particular, all quantum algebras over R = C [[h] ] which are q-enveloping algebras appeared in [Ber] are defined by monic Gröbner bases.
Remark It is necessary to point out that if R = K is a field, then the fact that the set of defining relations G of a q-enveloping K-algebra A forms a Gröbner basis was proved in ([Li2], CH.III) directly by using the termination theorem through the division algorithm. Here our last example provides the general result for all q-enveloping algebras over an arbitrary commutative ring.
Example 4. This example generalizes the previous three examples but uses an ad hoc monomial ordering. As an application we show that the PBW generators of the quantum algebra U + q (A N ) derived in [Rin] provides another Gröbner defining set for U + q (A N ). With R X = R X 1 , ..., X n , consider the R-algebra A = R X / G defined by the subset G consisting of
It is well-known that numerous iterated skew polynomial algebras over R are defined subject to such relations, and consequently they have the PBW R-basis B = {X
Under the assumption that A has the PBW R-basis as described we aim to show that G is a monic Gröbner basis of G . In view of Theorem 3.1, it is sufficient to introduce a monomial ordering on B R so that LM(g ji ) = X j X i for all 1 ≤ i < j ≤ n. To this end, let R[t] = R[t 1 , ..., t n ] be the commutative polynomial R-algebra of n variables. Consider the canonical algebra epimorphism π: R X → R[t] with π(X i ) = t i . If we fix the lexicographic ordering X 1 < lex X 2 < lex · · · < lex X n on B R of R X (note that < lex is not a monomial ordering on B R ) and fix an arbitrarily chosen monomial ordering ≺ on the standard R-basis B R = {t
respectively, then, as in [EPS] , a monomial ordering ≺ et on B R , which is called the lexicographic extension of the given monomial ordering ≺ on B R , may be obtained as follows:
In particular, with respect to the monomial ordering ≺ et obtained by using the lexicographic ordering t n ≺ lex t n−1 ≺ lex · · · ≺ lex t 1 on B R , we see that LM(g ji ) = X j X i for all 1 ≤ i < j ≤ n, as desired by Theorem 3.1. In [Rin] it was proved that U + q (A N ) has m = N (N +1) 2 generators x 1 , ..., x m satisfying the relations:
r ji is a linear combination of monomials of the form x
and that U + q (A N ) is an iterated skew polynomial algebra generated by x 1 , ..., x m subject to the above relations. Thus U + q (A N ) has the PBW basis {x
2 · · · x αm m | α j ∈ N}, and consequently G = {g ji = x j x i − q v ij x i x j r ji | 1 ≤ i < j ≤ m} forms a monic Gröbner defining set of U + q (A N ) with respect to the monomial ordering ≺ et as described before.
Remark If, in the defining relations given in the last example, the condition i < i 1 ≤ i 2 ≤ · · · ≤ i s < j is replaced by 1 ≤ i 1 ≤ i 2 ≤ · · · ≤ i s ≤ i − 1, then a similar result holds.
The next three examples provide monic Gröbner bases which are not necessarily the type as described in previous Examples 3 -4, but they all give rise to PBW R-bases.
Example 5. Let I be the ideal of the free R-algebra R X = R X 1 , X 2 generated by the single element
where q, α ∈ R, and f (X 1 ) is a polynomial in the variable X 1 . Assigning to X 1 the degree 1, then in either of the following two cases: (a) degf (X 1 ) ≤ 2, and X 2 is assigned to the degree 1; (b) degf (X 1 ) = n ≥ 3, and X 2 is assigned to the degree n, G = {g 21 } forms an LM-reduced monic Gröbner basis for I. For, in both cases we may use the N-graded lexicographic ordering X 1 ≺ gr X 2 with respect to the natural N-gradation of K X , respectively the weight N-gradation of R X with weight {1, n}, such that LM(g 21 ) = X 2 X 1 , and then we see that the only overlap element of G is o(g 21 , 1; 1, g 21 ) = 0. Thus, by Theorem 3.1 in both cases the algebra A = R X /I has the PBW R-basis B = {X
Example 6. Let R X = R X 1 , X 2 , X 3 be the free R-algebra generated by X = {X 1 , X 2 , X 3 }. This example provides a family of algebras similar to the enveloping algebra U (sl(2, R) ) of the R-Lie algebra sl(2, R), that is, we consider the algebra A = K X / G with G consisting of
where λ, γ, ω ∈ R, and f (X 1 ) is a polynomial in the variable X 1 . It is clear that A = U (sl(2, R)) in case λ = ω = 1, γ = 2 and f (X 1 ) = −X 1 . Suppose f (X 1 ) has degree n ≥ 1. Then we can always equip R X with a weight N-gradation by assigning to X 1 , X 2 and X 3 the positive degree n 1 , n 2 , n 3 respectively (for instance, (1, 1, 1) if degf (X 1 ) = n ≤ 2; (1, n, n) if degf (X 1 ) = n > 2), such that LM(G) = {X 3 X 1 , X 1 X 2 , X 3 X 2 } with respect to the N-graded monomial ordering X 2 ≺ gr X 1 ≺ gr X 3 on B R , and in this case G has only one overlap element
It follows that S 312 G = 0. By Theorem 2.1, G is an LM-reduced monic Gröbner basis for the ideal G . Hence, by Theorem 3.1 the algebra A = R X / G has the PBW R-basis
Let us point out that in the case that f (X 1 ) has degree ≤ 2, i.e., f (X 1 ) is of the form
if degX 1 = degX 2 = degX 3 = 1 is used, the algebra A provides R-versions of some popularly studied algebras over a field K, for instance, (a) let ζ ∈ R be invertible, and put λ = ζ 4 , ω = ζ 2 , γ = −(1 + ζ 2 ), a = 0 = c, and b = −ζ, then A is just the R-version of the Woronowicz's deformation of U (sl(2, K)) introduced in the noncommutative differential calculus [Wor] ; (b) if λγwb = 0 and c = 0, then A is just the R-version of Le Bruyn's conformal sl(2, K) enveloping algebra [LB] which provides a special family of Witten's deformation of U (sl(2, K)) in quantum group theory.
Example 7. Let G be the subset of the free R-algebra R X = K X 1 , X 2 , X 3 consisting of
Then, under the N-graded lexicographic ordering X 1 ≺ gr X 2 ≺ gr X 3 with respect to the natural N-gradation of R X , LM(g ji ) = X j X i , 1 ≤ i < j ≤ 3, and the only nontrivial overlap element of G is S 321 = o(g 32 , X 1 ; X 3 , g 21 ) = −X 2 X 3 X 1 + X 3 X 1 X 2 . One checks easily that S 321 G = 0.
By Theorem 2.1, G is an LM-reduced monic Gröbner basis for the ideal G . Hence, by Theorem 3.1 the algebra A = R X / G has the PBW R-basis B = {X 1 α 1 X 2 α 2 X 3 α 3 | α j ∈ N}.
PBW Isomorphisms Determined by Monic Gröbner Bases
In this section we show that the principle of filtered-graded transfer used in ( [LWZ] , [Li3] ) for studying algebras defined by Gröbner bases over a field K may also be carried over to study algebras defined by monic Gröbner bases over a commutative ring R. All notions and notations used in previous sections are maintained.
Let R be an arbitrary commutative ring, R X = R X 1 , ..., X n the free R-algebra of n generators, and B R the standard free R-basis of R X . Consider a weight N-gradation of R X subject to deg(
Then every ideal I of R X is associated to an N-graded ideal LH N (I) generated by the set of Nleading homogeneous elements LH N (I) = {LH N (f ) | f ∈ I}. Adopting the notion and notation as in [Li3] , we call the N-graded algebra A N LH = R X / LH N (I) the N-leading homogeneous algebra of the algebra A = R X /I. On the other hand, noticing that R X is also a B R -graded algebra by the multiplicative monoid B R , i.e., R X = ⊕ w∈B R R X w with R X w = Rw, if ≺ is a monomial ordering on B R and if f = n i=1 λ i w i ∈ R X with w 1 ≺ w 2 ≺ · · · ≺ w n , then the term λ n w n is called the B R -leading homogeneous element of f and is denoted by LH B R (f ). Thus each ideal I of R X is associated to a B R -graded ideal LH B R (I) generated by the set of B R -leading homogeneous elements LH B R (I) = {LH B R (f ) | f ∈ I}, and similarly, the B R -graded algebra A B R LH = R X / LH B R (I) is referred to as the B R -leading homogeneous algebra of the algebra A = R X /I. Furthermore, consider the N-grading filtration F N R X of R X defined by F N p R X = ⊕ i≤p R X i , p, i ∈ N, and the B R -grading filtration F B R R X of R X defined by
If I is an ideal of R X , then the algebra A = R X /I has the N-filtration F N A induced by
Note that if each X I has degree 1, 1 ≤ i ≤ n, then the filtration F N A is just the commonly used natural N-filtration.
We have the following analogue of ([Li3] , Theorem 1.1). Since the proof of this result is exactly the same as that given in loc. cit., we omit it here.
4.1. Theorem With notation as above, there are graded R-algebra isomorphisms:
Next, we proceed to show that an analogue of ( [LWZ] , Theorem 2.3.2 (i) ⇔ (iii)) holds true for monic Gröbner bases in R X . (ii) Let ≺ gr be an N-graded monomial ordering on B R with respect to the fixed weight Ngradation of R X . Then LH B R (J) = LH B R (I) and LM(J) = LM(I). (iii) Let ≺ gr be an N-graded monomial ordering on B R with respect to the fixed weight Ngradation of R X . If G is a monic Gröbner basis of I, then
Lemma
, where H ij , T ij are homogeneous elements and f i ∈ I.
If we write
It follows immediately that h = LH N (f ) ∈ LH(I). This shows that LH N (J) ⊆ LH N (I) and hence the equality holds.
(ii) Note that ≺ gr is an N-graded monomial ordering on B R , every element of B R is an Nhomogeneous element, and thus for f ∈ R X we have
It follows from (i) and the above formula ( * ) that
(iii) Let f ∈ R X be a monic element with respect to the fixed monomial ordering ≺ gr , say f = w + λ i w i with w, w i ∈ B R , λ i ∈ R and LM(f ) = w. Then it is clear that
So, if G is a monic Gröbner basis of I with respect to ≺ gr , then the above formula ( * * ) implies
Hence, by (ii) and Proposition 1.2 we obtain the desired equalities:
4.3. Theorem With notation as above, if ≺ gr is an N-graded monomial ordering on B R with respect to a fixed weight N-gradation of R X , the following two statements are equivalent for a subset G ⊂ I: (i) G is a monic Gröbner basis of I ; (ii) LH N (G) = {LH N (g) | g ∈ G} is a monic Gröbner basis for the N-graded ideal LH N (I) .
Proof Since we are using the N-graded monomial ordering ≺ gr on B R , by Lemm 4.2 or its proof, a subset G of R X is monic if and only if LH N (G) is monic, and we have
It follows from Proposition 1.2 that G is a monic Gröbner basis for the ideal I if and only if LH N (G) is a monic Gröbner basis for the N-graded ideal LH N (I) , proving the equivalence of (i) and (ii).
Remark Also we point out that an analogue of ( [LWZ] , Theorem 2.3.2 (i) ⇔ (ii)) works well for monic Gröbner bases when the homogenization in R X [t] is considered.
Combining the previous 4.1 -4.3, we get immediately the following result.
4.4. Theorem Let R X be equipped with a fixed weight N-gradation as before, and I an ideal of R X . If G is a monic Gröbner basis of I with respect to an N-graded monomial ordering ≺ gr on B R , then we have the graded algebra isomorphisms
As in [Li3] we call the graded isomorphisms presented in the last theorem the N-PBW isomorphism (for the first one) and B R -PBW isomorphism (for the last two), determined by the given monic Gröbner basis G respectively. By referring to ( [MR] , [Li1] , [LVO] , [Li3] ), we start now to mention, without proof, several applications of Theorem 4.3 and Theorem 4.4. For the convenience, in what follows we let R X be equipped with a fixed weight N-gradation, I = G an ideal of R X generated by a monic Gröbner basis G with respect to an N-graded monomial ordering ≺ gr on B R , and A = R X /I. Then the following diagram may indicate how all results to be given will work:
4.5. Theorem Under the obvious respective canonical algebra epimorphism, the set N (G) of normal monomials in B R (mod G), projects to a free R-basis for the algebras A = R X /I, A N LH = R X / LH N (I) , and A B R LH = R X / LM(I) respectively, and thereby to a free R-basis for G N (A), G B R (A), and G B R (A N LH (A)), respectively.
Theorem Bearing
LH is a (semi-)prime ring, then A N LH is a (semi-)prime ring (hence G N (A) is a (semi-)prime ring), and A is a (semi-)prime ring. LH is a B R -graded simple R-algebra, that is, A B R LH does not have nontrivial B R -graded ideal, then A N LH is a simple R-algebra (hence G N (A) is a simple R-algebra), and A is a simple R-algebra. We finish this paper by revisiting several examples given in previous sections, which illustrate mainly Theorem 4.4 but obviously shed light on the effectiveness of Theorem 4.5 -Theorem 4.7. In all examples given below R is an arbitrary commutative ring. Example 1. Let X = {X i } i∈J and C = R X / G the Clifford algebra over R (Section 2, Example 3). Then by Theorem 4.4, with respect to the natural N-filtration F N C of C, the associated N-graded algebra G N (C) ∼ = R X / LH N (G) of C is nothing but an exterior algebra E over R.
Example 2. Let A = R X 1 , X 2 / G be the R-algebra with G = {g 1 , g 2 } as given in (Section 2, Example 4). If F 1 and F 2 have degree ≤ 2 in the given defining relations g 1 and g 2 , then by Theorem 4.4, with respect to the natural N-filtration F N A of A, the associated N-graded algebra G N (A) ∼ = R X 1 , X 2 / LH N (G) of A is a down-up algebra over R with the set of defining relations LH N (G) = {LH N (g 1 ) = X 2 1 X 2 −αX 1 X 2 X 1 −βX 2 X 2 1 , LH N (g 2 ) = X 1 X 2 2 −αX 2 X 1 X 2 −βX 2 2 X 1 }; in particular, if α = 2 and β = −1, then G N (A) is nothing but the universal enveloping algebra of the (−)-part (or (+)-part) of the Kac-Moody R-Lie algebra associated to the Cartan matrix 2 −1 −1 2 .
Example 3. Let A = R X 1 , X 2 / g 21 be the R-algebra as given in (Section 3, Exercise 5). Then by Theorem 4.4, with respect to both the natural N-filtration and the weight N-filtration induced by the weight N-grading filtration of R X 1 , X 2 , A has the associated N-graded algebra G N (A) ∼ = R X 1 , X 2 / X 2 X 1 − qX 1 X 2 , which, in the case that q is invertible, is the coordinate ring of the quantum plane over R.
Example 4. Let A = R X 1 , X 2 , X 3 / G be the R-algebra as given in (Section 3, Exercise 6).
In the case that f (X 1 ) has degree ≤ 2, i.e., f (X 1 ) is now the form f (X 1 ) = aX 2 1 + bX 1 + c with a, b, c ∈ R, then by Theorem 4.4, with respect to the natural N-filtration F N A, A has the associated Ngraded algebra G N (A) ∼ = R X 1 , X 2 , X 3 / LH N (G) with LH N (G) = {X 3 X 1 − λX 1 X 3 , X 1 X 2 − λX 2 X 1 , X 3 X 2 − ωX 2 X 3 + aX 2 1 };
while in the case that f (X 1 ) has degree n ≥ 3, if the weight (1, n, n) is used, then by Theorem 4.4, with respect to the weight N-filtration F N A induced by the weight N-grading filtration of R X 1 , X 2 , A has the associated N-graded algebra G N (A) ∼ = R X 1 , X 2 , X 3 / LH N (G) with LH N (G) = {X 3 X 1 − λX 1 X 3 , X 1 X 2 − λX 2 X 1 , X 3 X 2 − ωX 2 X 3 }
